Context. Based on an initial expectation from laboratory measurements or instrument simulations, photometric passbands are usually subject to refinements. These refinements use photometric observations of astronomical sources with known spectral energy distribution. Aims. This work investigates the methods for and limitations in determining passbands from photometric observations. A simple general formalism for passband determinations from photometric measurements is derived. The results are applied to the passbands of HIPPARCOS, Tycho, and Gaia DR1. Methods. The problem of passband determination is formulated in a basic functional analytic framework. For the solution of the resulting equations, functional principal component analysis is applied. Results. We find that, given a set of calibration sources, the passband can be described with respect to the set of calibration sources as the sum of two functions, one which is uniquely determined by the set of calibration sources, and one which is entirely unconstrained. The constrained components for the HIPPARCOS, Tycho, and Gaia DR1 passbands are determined, and the unconstrained components are estimated.
Introduction
The full exploitation of photometric data sets requires the knowledge of the passbands in which the photometric measurement have been performed. These passbands result from a combination of different wavelength-dependent instrumental effects, such as the quantum efficiencies of the detectors, the reflectivity or transmissivity of optical elements in the telescope and instrument, and the transmissivities of employed filters. From simulations and laboratory measurements on individual components, a prediction of the passband is usually possible. In operation however, differences between the true passband and the expected one may occur. Such differences may be time-dependent, resulting from ageing, contamination of optical surfaces, and radiation effects (in particular for space-borne instruments). For ground-based observations, the Earth's atmosphere also affects the passband. A re-evaluation of the passband therefore is desirable, based on the photometric measurement of astronomical objects with known spectral energy distributions (SEDs in the following).
A frequently used approach in updating the passband with respect to the initial expectation is applying some modifications to the initial passband estimate, such that a better agreement of synthetic photometry and observed photometry for sources with known SEDs is achieved. An early approach in refining passbands is the use of linear combinations of different passbands (Johnson 1952) . In this work, we follow a more systematic approach to the problem of passband determination. First, we investigate the principal possibilities and restrictions in constraining a passband from photometric observations of sources with known SEDs (the calibration sources). Based on the results, we can derive criteria for an optimal selection of calibration sources, and answer the question of how to optimally modify the initial passband. Furthermore, we discuss the effects of uncertainties in the observational photometry and in the SEDs of the calibration sources.
We apply the theoretical results derived in this work to four different space-based photometric systems. These are the HIP-PARCOS (Perryman et al. 1997 ) and two Tycho-2 (Høg et al. 2000) datasets, and the Gaia data release 1 (Gaia DR 1 in the following, Gaia Collaboration, ). These photometric data sets are interesting for both their large contents and their accuracy. The HIPPARCOS catalogue (ESA 1997) comprises more than 10 5 sources, while the Tycho-2 catalogue, also derived from the HIPPARCOS mission, includes about 2.5 × 10 6 objects. The first data release of the Gaia mission contains over 10 9 sources (Gaia Collaboration, . Taking benefit from stable observing conditions in space, these missions reach photometric accuracies down to the milli-magnitude level in one passband for the HIPPARCOS catalogue (labeled H p in the following), somewhat lower accuracies in two passbands for the Tycho-2 catalogue (labeled B T and V T in the following), and again a higher accuracy in one passband for the Gaia DR1 (labeled G in the following).
For HIPPARCOS and Tycho, passband estimates have been provided by ESA (1997) , already improved from on-ground calibrations using observations of standard stars. Further recalibrations have been provided in the past (Bessell 2000; Bessell & Murphy 2012) . For Gaia DR1, Jordi et al. (2010) provide a pre-launch expectation for the G passband, which has been improved by Maíz Apellániz (2017) .
In this work, we formulate the problem in a basic functional analytic framework in Sec. 2. A functional analytic approach has already been applied in photometry to the problem of photo-A&A proofs: manuscript no. PassbandPaperWeilerEtAl metric transformations and passband design by Young (1994) . It was demonstrated there that, in exchange for the somewhat higher level of abstraction, one obtains an elegant mathematical formulation and deeper insights into the photometric problems. By using a functional analytic approach in the problem of passband reconstruction, we can take benefit of the vector properties of the functions involved (i.e., the SEDs and passbands), and derive simple results on the passbands, the limits in determining the passbands, and criteria for selecting optimal calibration sources (Sec. 3). For making the results suitable for practical purposes, we introduce functional principal component techniques to the SEDs (Sec. 4) and the corresponding propagation of uncertainties (Sec. 5). Equipped with these tools, we then determine the passbands for the HIPPARCOS photometry, the Tycho B T and V T photometry, and the Gaia DR 1 photometry in Sec. 6. We then compare our results with previously published passbands (Sec. 7), discuss practical means for handling systematic errors resulting from the choice of the calibration sources (Sec. 8), and derive the zero points of the passbands (Sec. 9). Finally, we discuss the choice of wavelength resolution for practical purposes (Sec. 10), before closing this work with a summary and discussion (Sec. 11).
Formulation of the problem
In this work, we perform all computations in terms of photon counts. The spectral energy distribution we specify in terms of photons per unit of time, area, and wavelength. Thus, we better speak of the spectral photon distribution (SPD in the following), rather than of the spectral energy distribution. The spectral energy distribution can be converted into the SPD, denoted s(λ), in units of photons per units of time, area, and wavelength by multiplication with the energy of a photon, that is h c/λ, h being the Planck constant and c the speed of light. We understand the passband as the fraction of incoming photons detected by the instrument, as a function of wavelength. This definition corresponds to what is usually called the photon response curve, which may be normalised with respect to its maximum value. We take the photometric observation not specified as a magnitude, but as a counting rate, i.e. photons (or, rather, photo-electrons) per unit of time and area. Such an approach is closer to the actual measured quantity of a photon counting detector such as a CCD, and simplifies the computations in this work. For the transformation between photon count rates and magnitudes m we assume a relation m = −2.5 · log (c) + zp ,
withc being the weighted mean photon counts per unit of time and area in a passband p(λ), and zp the zero point for the passband used.c is related to the passband viā
As the denominator in this equation can as well be absorbed in the zero point, its value is actually not of relevance in this definition. We note that the definition of the magnitude according to Eq. (1) is not equivalent to the definition of the magnitude in terms of mean energy flux within the passband,f . Forf one obtains
and there can be no general relationship holding between the integral expressions in the numerators of Eqs. (2) and (3) 1 . After these preliminaries, we proceed to the problem of passband determination.
Let p(λ) be some passband. We consider a wavelength interval I = [λ 0 , λ 1 ], such that we can a-priori assume p(λ) to be identical to zero everywhere outside the interval I. Assume that for N astronomical sources, photometric observations (i.e. values for the number of photons per unit of time and area) c i , i = 1, . . . , N, in the passband p(λ) are available, as well as the SPDs of the N sources over the interval I, denoted s i (λ), i = 1, . . . , N. We thus obtain
We are concerned in determining p(λ) from the set of N calibration sources. Now we observe that the spectral energy distributions s i (λ), as well as the passband p(λ), are square integrable functions over the interval I, i.e.
for any source i, and an analogous expression holds for p(λ). Actually, SPDs and passbands have to satisfy even stronger requirements than square integrability, as for physical reasons, these functions have to be non-negative and bound. The square integrability however allows us to make use of the fact that the set of all square integrable functions on the interval I form a vector space with an inner product, which is the Hilbert space L 2 (I) over the field of real numbers. The inner product of this vector space is given by
The reader not familiar with the concept of considering functions as vectors in a vector space of functions may find it useful to think of it in the same way as of the familiar vectors in an Euclidian vector space. This analogy is justified by the fact that Euclidian spaces, such as, say R 3 , are also realisations of Hilbert spaces, differing from the Hilbert spaces of functions mainly in the fact that the later are infinite dimensional, while the more "typical" vector spaces have finite dimensionality. A wide reaching one-to-one correspondence between Euclidian spaces and the Hilbert space of square-integrable functions is obtained by replacing the "typical" vectors of Euclidian space by square-integrable functions, and the standard dot product of Euclidian space, #" r 1 · #" r 2 by the expression given by eq. (6). Then, just as a vector in R 3 can be developed as a sum of basis vectors, #" r = x · #" e 1 + y · #" e 2 + z · #" e 3 , a function f (λ) can be developed in a (infinite) sum of basis functions, f (λ) = ∞ i=0 a i · ϕ i (λ). The basis vectors of R 3 are conveniently chosen to be orthonormal, i.e. satisfying the condition #" e i · #" e j = δ i, j . In the same way, the basis functions may for convenience by chosen orthonormal, by satisfying the corresponding condition ϕ i | ϕ j = δ i, j . The length of a vector in R 3 (or, more precisely, its l 2 −norm) is given by || #" r || 2 = √ #" r · #" r , and analogous the "length" of a function f (λ) (i.e., its l 2 −norm) is || f || 2 = f | f . The angle β between two vectors in R 3 is given by cos(β) = #" r 1 · #" r 2 · || #" r 1 || −1 2 · || #" r 2 || −1 2 , and in analogy the angle between two functions is given by cos(
2 . The familiar concept of Euclidian vectors thus allows for a good intuitive understanding of vector spaces of square-integrable functions. For introductions to functional analysis, the reader is referred to the rich supply of textbooks, e.g. the rather application oriented works by Milne (1980) or Zeidler (1995) . Using this mathematical formalism, in the following we formulate the problem of finding a passband p(λ) as a problem of vector calculus.
The N spectral energy distributions s i (λ) span a M−dimensional subspace of L 2 (I), with 1 ≤ M ≤ N. The extreme case M = 1 holds if all N sources have identical shapes in their SPDs, and only differ in brightness. The case M = N holds if all N SPDs are linearly independent, i.e. no s i (λ) can be expressed as a linear combination of the N − 1 other SPDs. We assume M to be known here, and postpone the question of how to determine this number in practice until Sec. 4.2.
For the M−dimensional subspace, a set of M basis functions, ϕ j (λ) j = 1, . . . , M, exists, such that each s i (λ) can be expressed as a linear combination of the basis functions, and the basis functions are satisfying the orthonormality condition
with δ kl denoting the Kronecker delta. We discuss the question of how to find such an orthonormal basis for the subspace spanned by the N SPDs in Sec. 4, and assume here that we already have available the set of M basis functions, ϕ j (λ). Then we can express each of the N SPDs by a linear combination of the basis functions, i.e.
Combining the last equation with Eq. (4), we obtain
with
We can express the last equation more compactly as a matrix equation, writing the N values c i as an N × 1 vector c, the values of all a i j as a N × M matrix A, and the M integral expressions p j as the M × 1 vector p,
Now we observe that for an orthonormal basis, the elements of p are the coefficients of the passband p(λ), developed in the basis functions ϕ j (λ), j = 1, . . . , M. Thus, by knowing c and A, we can solve Eq. (11) for the development of the passband in the basis functions that represent the SPDs available for the passband calibration. For this development of p(λ) in the basis ϕ j (λ), we write p (λ),
The function p (λ) will in general not be identical with the passband p(λ). To make p (λ) identical to p(λ), it would be necessary that the subspace of L 2 (I) spanned by the N calibration spectra contains p(λ) entirely. That is to say, for deriving the passband p(λ) from the photometry of N sources with known SPDs, it has to be possible that p(λ) can be expressed as a linear combination of the N SPDs s i (λ) , i = 1, . . . , N. In general, this will not be the case. Since a photometric passband as a function of wavelength and astronomical SPDs are physically independent, one may not expect that among astronomical sources there exists any set of objects whose SPDs allow to represent some passband by linear combinations. As a consequence, the problem of reconstructing a passband from observations of astronomical sources with known SPDs is fundamentally limited to p (λ), which we call the parallel component in the remainder of this work, leaving the freedom of adding an orthogonal component, p ⊥ (λ). This orthogonal component is fulfilling orthogonality conditions with respect to all calibration sources,
These orthogonality conditions imply that the orthogonal component of the passband is not contributing to the photometry of any calibration source. So we write for the passband
where the parallel component is uniquely constrained by the available set of calibration sources and can be found by solving the system of linear Eqs. (11) for the vector p, and where the orthogonal component is fully unconstrained by the calibration sources. The fact that p ⊥ (λ) is unconstrained by the calibration sources is a fundamental limitation in the determination of the passband p, introduced by the choice of the calibration sources. This component can only be guessed if the "full" passband p is to be determined. This guessing can either be made explicit (as done in the remainder of this work) or implicit (if an initial passband guess is simply deformed in some way to obtain better agreement between observed and synthetic photometry). An important difference between the parallel component p (λ) and the passband p(λ) arises from the physical constraints on p(λ). The passband has to be a non-negative function of wavelength. And as quantum efficiencies, mirror reflectivity, and filter transmissions tend to be rather smooth functions of wavelength, so is the resulting passband. "Smooth" in this work is understood in an intuitive way, meaning "without too strong fluctuations on small scales", and not meant in any strict mathematical sense. p (λ), and also p ⊥ (λ), however, do not have to fulfil these constraints individually, and in general they actually do not fulfil them. Smoothness and non-negativity apply only to the "full" passband p(λ), i.e. the sum of the parallel and orthogonal component. With p (λ) determined by solving Eq. (11), the choice of p ⊥ (λ) is thus limited by the requirements of smoothness and non-negativity to the sum p(λ) = p (λ) + p ⊥ (λ). We discuss the relevance of the orthogonal component, and methods for guessing, in more detail in the following section.
Unconstrained passband component
As the orthogonal component of the passband, p ⊥ (λ), is by construction not contributing to the photometry of the calibration sources, the choice made for p ⊥ (λ) is irrelevant for computing synthetic photometry of the calibration sources. And, as a consequence, it is also irrelevant for the synthetic photometry for all SPDs that can be expressed as a linear combination of the A&A proofs: manuscript no. PassbandPaperWeilerEtAl SPDs of the calibration sources. Such sources have SPDs that lie entirely in the subspace of L 2 (I) that is spanned by the N calibration sources. It may however be of interest to obtain synthetic photometry for sources with SPDs that have non-negligible components outside the subspace spanned by the SPDs of the calibration sources, i.e., sources whose SPDs cannot be well expressed as a linear combination of the N SPDs of the calibration sources. The synthetic photometry of these sources depends on the choice for p ⊥ (λ). And as this component of the passband can only be guessed, the synthetic photometry becomes subject to systematic errors in the realistic case of an imperfect guess for p ⊥ (λ).
From these considerations, we may derive a criterion for a good choice of calibration sources in passband determination: The calibration sources are ideally chosen in such a way that the SPDs of the sources for which synthetic photometry is desirable can be expressed as a linear combination of the SPDs of the calibration sources. By doing so, systematic uncertainties resulting from ambiguities in the passband solution are minimised. In practice, this criterion can of course be met only imperfectly.
We now focus on the problem of obtaining an estimate for p ⊥ (λ). In principle, an orthonormal basis for the function space orthogonal to the set of calibration SPDs can be constructed easily by embedding the calibration SPDs in a higher-dimensional space. First, the empirical basis functions ϕ k (λ) are developed in a set of standard basis functions. A good choice are orthogonal systems of functions that are easily generated, such as Legendre polynomials. Functions which additionally provide simple analytic relations for the computation of their integrals make a particularly suitable choice, as they may simplify numerical computations. For this work, we found Hermite functions a useful way of changing from the empirical basis functions ϕ j (λ) derived from the observed SPDs to a mathematically more convenient representation. As Hermite functions are an orthogonal basis system on R instead of a finite interval, these functions require a continuation of the relevant functions with zero outside the considered interval. As a benefit, Hermite functions provide a set of basis functions which all converge to zero for arguments with sufficiently large absolute value, ideal for representing functions that, like passbands, are expected to smoothly approach zero for sufficiently large and small wavelengths. Hermite functions come with convenient recurrence relations for integral expressions, as discussed later. Additionally, the representation of the basis functions as a linear combination of functions that are in a strictly mathematical sense orthonormal simplifies computations and maintaining orthonormality by working in the coordinate space only.
After the M basis functions ϕ j (λ), j = 1, . . . , M are developed with sufficient precision in L basis functions, usually with L >> M, and thus embedded in a higher-dimensional space, a singular value decomposition of the resulting M × L coefficient matrix allows to separate M linear combinations of the L basis functions representing (approximately) the basis functions ϕ j (λ), and L − M linear combinations of the standard basis functions that provide a orthonormal basis for an orthogonal space. Any linear combination of the L − M basis functions orthogonal to the basis functions ϕ j (λ) may be added to the parallel passband component without affecting the photometry of the calibration sources. As a linear combination of the L standard basis functions allows for a non-negative and smooth linear combination, an orthogonal passband component satisfying the physical constraints in the passband when added to the parallel component, exists.
Finding such a linear combination in practice however is troublesome, as introducing smoothness conditions results in a very high dimensional non-linear optimisation problem. It is therefore desirable to restrict the variety of potential orthogonal passband components in exchange for finding only solutions that by construction satisfy the smoothness requirements. A way of doing so is introducing a smooth modification of an initial guess for the passband. Such an approach has basically been followed in previous works (Bessell 2000 , Bessell & Murphy 2012 , Mann & von Braun 2015 , Maíz Apellániz 2017 . In the light of this work, however, the methods for modifying the initial guess for the passband are restricted by the requirement that it must be possible to modify the initial guess in such a way that the projection of the modified passband onto the subspace of L 2 (I) spanned by the calibration sources can meet the solution for p (λ) obtained by solving Eq. (11). To achieve this, we assume an a-priori passband which is to be approximated, p ini (λ), and use a linear multiplicative model for modifying this initial passband, i.e. we write for the passband p we are looking for
If the functions φ k (λ) are chosen to be smooth, and the initial passband p ini (λ) is smooth as well, then the resulting passband p(λ) is smooth. Now we introduce the constraint that the function p(λ) should have a certain parallel component p (λ) obtained, from solving Eq. (11), by using Eq. (10). Putting Eq. (15) into Eq. (10), we obtain
From this equation, using all j = 1, . . . , M, we obtain a matrix equation
with p from Eq. (11), the K elements vector α containing the coefficients α k of the multiplicative modification model, and an
Thus, given some initial passband p ini (λ) and choosing some linear modification model φ k , k = 0, . . . , K − 1, from computing the matrix M we can immediately see if a solution p(λ) exists that satisfies our constraints on p (λ), and if this modification is unique. The coefficients for this modified passband, α, are obtained from solving Eq. (17). We will consider two useful aspects of finding a passband p(λ) from modifying an initial passband p ini (λ) under the constraint on the parallel component p . First, we may choose K > M, i.e. using more free parameters to modify the initial passband than we have constraints by the parallel component. In this case, the linear system of Eq. (17) becomes underdetermined. If we determine a basis of the K − M-dimensional null space of the matrix M, we can add any linear combination of this basis to the coefficient vector α, and obtain a modified initial passband that satisfies the constraint on p (λ). This way, we easily introduce some free tuning parameters that can be used to make the solution for p(λ) non-negative, should the exact solution not be so, or to tune the passband solution p(λ) more to our a-priori knowledge or prejudice on how the passband should look like.
Second, the coefficients for the parallel component, p are affected by typically considerable errors. Fixing p exactly to the least squares solution of Eq. (11) however may not be optimal.
The solution of Eq. (17) has to balance out the fine structure in the parallel component of the passband delicately, and a slight change in p, within the uncertainties resulting from Eq. (11), may result in a solution of p(λ) that is much closer to the desired initial passband, with but a minute decrease in the goodness of fit in Eq. (11). To take this possibility into account, we may compute the formal variance-covariance matrix on p from Eq. (11), and then draw multivariate normally distributed random vectors p r from that variance-covariance matrix. For each random sample p r , one solves Eq. (17) for the passband p(λ). From a number of random samples, one can choose the solution that is non-negative and closest (in an l 2 -sense) to p ini (λ). This random sampling approach might be brute, but as the numerical effort involved is small, the range of parallel passband components within the uncertainty boundaries of the exact solution p is easily well sampled.
In this work, we use a polynomial modification model, i.e. φ k = λ k , as a convenient but eventually arbitrary choice. As we use a development of the basis functions ϕ j , as well as of the initial passband p ini (λ), in Hermite functions, this polynomial modification model allows us to use the orthonormality and the relation
for Hermite functionsφ n iteratively to compute the integrals φ m p ini | ϕ n analytically. We use both the random sampling approach and the null space method, to adjust the passband solutions to the initial passbands and obtain what we consider the preferable solution for the HIPPARCOS, Tycho, and Gaia DR1 passbands, as discussed in more detail in Sec. 6.
Basis functions
Until now, we have assumed the basis functions ϕ j (λ), j = 1, · · · , M, and the number of basis functions, M, to be known. In the following, we discuss the construction of the basis functions, and a practical choice for the number of basis functions.
Construction of basis functions
Given a set of N SPDs defined on the wavelength interval I, an orthonormal basis for these SPDs can be constructed using functional principal component analysis (Ramsay & Silverman 2006) . In this approach, each SPD is represented by a truncated Karhunen-Loève (KL) representation,
Here, µ(λ) is the mean function derived from all calibration sources. The functions ϕ j (λ) are the eigenfunctions of the covariance operator, and as such they fulfil orthonormality. The coefficients ξ i, j , usually called the scores of the function s i (λ), provide the development of the calibration source i in the basis functions ϕ j , j = 1, . . . , M.
In practice, the SPDs of the calibration sources are usually available in tabulated form, specifying the fluxes at a number of discrete wavelength points. We may consider the possibility of a number of complications that happen to occur in practice. These complications are: Fig. 1 . The mean function µ(λ) and the first five eigenfunctions ϕ k (λ), k = 1, . . . , 5, for the 124 calibration sources we use here for the Gaia passband.
-The wavelength sampling not being identical for all calibration sources -The wavelength sampling changing within a spectrum -The wavelength sampling being non-linear -Missing values or even gaps within a tabulated SPD -The sampled flux values of the SPD are affected by random noise
To account for such circumstances when estimating µ(λ) and the ϕ j (λ), we follow the approach developed by Yao et al. (2005) . For applying the methods lined out in previous sections in the determination of passbands for HIPPARCOS, Tycho, and Gaia, we require a set of calibration sources with known SPDs over the whole wavelength range where the passbands have to be assumed non-zero. The set of calibration sources should be homogeneous in wavelength resolution. We use spectra from the Next Generation Spectral Library (Heap & Lindler 2016) , NGSL in the following, Version-2, for this purpose. The spectra were taken with the STIS spectrograph onboard the Hubble Space Telescope, and they cover the wavelength range from the A&A proofs: manuscript no. PassbandPaperWeilerEtAl ultraviolet to about 1030 nm. On the wavelength interval of interest to this work, from 290 nm upwards, the spectra were obtained with two different gratings, meeting at about 565 nm. The spectral resolving power of these spectra ranges from about 530 to 1170 (Heap & Lindler 2016) . The influence of the wavelength resolution onto the results of this work is discussed in more detail in Sec. 10.
All spectra in the NGSL with HIPPARCOS, Tycho, or Gaia DR1 measurements were selected. Stars that were indicated as variable either in the Simbad data base or in the HIPPARCOS catalogue were excluded from the use as calibration sources. Furthermore, a few sources which were clearly outliers in the synthetic photometry were also excluded. As an additional criterion, sources fainter than 10.5 mag in H p and V T , and fainter than 11.5 mag in B T were excluded from the determination of the HIPPARCOS and Tycho passbands, as we found indications of systematic trends in the HIPPARCOS and Tycho-2 photometry for larger magnitudes. Finally, the sets of calibration sources include N = 210 stars for Tycho B and V passbands, N = 206 stars for the HIPPARCOS passband, and N = 124 stars for Gaia DR1 passband. For the calibration of the Gaia data, a particular, optimised set of calibration sources has been developed by Pancino et al. (2012) , and used internally by the Gaia Data Processing and Analysis Consortium. As the SEDs of this calibration set are not publicly available by now, we restrict the calibration of the G passband to the NGSL spectra.
Another suitable set of calibration spectra are the CALSPEC sources (Bohlin et al. 2017 ). The number of CALSPEC spectra of sources sufficiently bright for a calibration of H p and the Tycho passbands is however small compared to the number of NGSL spectra available, and these CALSPEC sources cover essentially the same spectral types as the NGSL data set does. A larger number of CALSPEC sources could be added for the calibration of the G passband. The fainter CALSPEC sources include also two M-type stars, a spectral class absent in the NGSL set of calibration sources used in this work, and which could provide an extension of the subspace spanned by the calibration sources. However, as is discussed in Sec. 6.4, we found indications for a systematic trend in the G magnitude, which makes an extension of the magnitude range of the calibration sources for the G passband problematic. In particular, including additional spectral types only in a different magnitude range might result in systematic distortions of the passband, rather than improving it. We therefore rather restrict this work to a homogeneous set of calibration sources, using only NGSL spectra. The sets of calibration sources used in this work contain stars of spectral types O, B, A, F, G, and K. A list of the stars used as calibration sources, and their properties, is provided in an online table.
The wavelength range covered by the NGSL spectra, reaching up to 1030 nm, includes the transmission ranges of the H p , B T , and V T passbands. Only the G passband is expected to be non-zero at wavelength larger than 1030 nm. We therefore expand the wavelength range up to 1100 nm by fitting the NGSL spectra with a linear combination of BaSeL spectra (Lejeune et al. 1997 ) similar to the NGSL spectrum, and using the obtained fit as an extrapolation from 1030 nm up to 1100 nm. This procedure is clearly a crude estimate for the continuation of the spectra. But as the G passband is already very close to zero at the wavelengths for which the spectra have to be extrapolated, such a simplistic extension of the spectra will do. Fig. 1 shows the mean function µ and the first five eigenfunctions ϕ k , k = 1, . . . , 5, for the case of the calibration set for Gaia DR1, computed over the wavelength interval I = [300, 1100] nm, as an example for the procedure lined out here. It should be noted that all the shown functions have a purely descriptive character for the set of SPDs used, and must not be interpreted in physical terms. Typical features of the eigendecomposition can be noted, such that the lower eigenfunctions tend to be smoother, representing more general trends in the SPDs, while with increasing number, the eigenfunctions become more complex in structure, adding more details in wavelength to the linear combination of eigenfunctions. As we are interested only in representing the SPDs of the calibration set by a set of orthonormal functions, we orthonormalise the mean function with respect to the eigenfunctions, and add the result to the set of basis functions. The wavelength interval may be adjusted to the expected range of sensitivity for other passbands, resulting in bases covering different, narrower intervals in wavelength for H p , B T , and V T .
Fixing the number of basis functions
Until now, we have considered the number of basis functions, M, to be known. In practice, this number is not clearly defined, as any set of N basis functions will not be described exactly by a set of basis functions less than N (the noise alone prevents this). When representing a set of SPDs with an empirical basis, we observe rather a better and better approximation to all SPDs in the set with increasing number of basis functions used, but the improvements in approximations become smaller and smaller. At some point, one may consider the use of further basis functions irrelevant, as they will start to approximate the noise in the empirical SPDs. Furthermore, even if the improvement in the representation of the SPDs is still significant, considering the uncertainties on the SPDs, it may however already be insignificant for calculating photometry, considering the uncertainties in photometry. This is caused by the low sensitivity of a weighted integral over SPDs with respect to small-scale variations in the SPD.
A simple approach for determining the number of basis functions would therefore be to add basis functions until the level of residuals is statistically in good agreement with the level of residuals expected from the uncertainties on the data used. The good agreement can be judged by a statistics test, provided that a reliable error model is available. As discussed in detail in the following section, for this work, however, we have to expect a significant impact of the uncertainties on the SPDs onto the residuals in passband determination, without having a quantitatively reliable error model for the SPDs available. We therefore have to estimate the value for M in this work, by adding more basis functions and considering the increase in the formal error on the coefficient for the added basis function, the overall decrease in the goodness of fit parameter (i.e., χ 2 in this work), and the distribution of residuals. If the formal errors on the coefficients start to strongly increase, the improvement in the overall goodness of fit becomes very small, and the residuals begin to change only for one, or very few, stars in the calibration set, we assume that the additional basis function is not well constrained anymore. In this case, further improvements in the goodness of fit are achieved only by adjusting to features peculiar to individual stars, and therefore probably spurious. By doing so, we finally consider the use of M = 4 for H p and B T , and M = 3 for V T and G, to be reasonable choices for the number of basis functions.
Effects of uncertainties
When solving Eq. (11) for the parallel component of the passband, we have to consider different effects of uncertainties. First, we have errors on the observed photometry, i.e. on the vector c. When working with photometric observations which reach very low errors, we may also have to consider the effect of uncertainties on the SPDs used for determining the passband, i.e. errors on the matrix A in Eq. (11). The uncertainties in the SPDs are assumed to consist of two contributions, an error in the absolute flux level, and an error in the shape of the SPDs. In the following, we discuss the different kinds of uncertainties in more detail.
Error in observed photometry
For the errors on the observed photometry, one may assume statistical independence between different sources and passbands. Quantitative estimates for the errors are available for all photometric measurements used in this work. These photometric measurements cover a wide range of magnitudes, resulting in very different signal-to-noise ratios. Furthermore, for Gaia, the number of observations for each source also varies strongly, again resulting in very different signal-to-noise ratios. A weighting of the measurements with the error would therefore result in a few bright and/or frequently observed stars dominating the passband determination, thus reducing the coverage of spectral types. As the random error on the photometric measurements are, as discussed in the following sub-sections, in many cases not the dominant source of uncertainty in the passband determination, a weighting with the photometric error would be an unsuitable strategy. Instead, we neglect this error and apply the same relative weight to each photometric data point.
Error in flux level
The error on the absolute flux level of a spectrum is typically in the order of percent. In case of the NGSL, this uncertainty was estimated to about 2 to 3% by Heap & Lindler (2016) . So this uncertainty is dominant when considering photometric measurements with milli-magnitude precision. The uncertainty in the flux level affects all synthetic photometry derived from a given SPDs in the same way, i.e. it results in the same relative error in the synthetic photometry in all passbands, with a correlation of +1 between passbands. As a consequence, this uncertainty cancels out in first order when computing the ratio of the synthetic photometry of the same SPD in two different passbands. We write f = c 1 /c 2 for this ratio, and obtain for the error in f
Here, J denotes the Jacobian of the function f , and Σ c is the variance-covariance matrix for the photometry c 1 and c 2 , in two passbands, describing the error in the absolute flux level. With the same relative error σ on c 1 and c 2 , and a correlation coefficient ρ = 1, this matrix is given by
The validity of Eq. (21) can be seen by simply putting in the expressions for f and Σ c . As far as the error in the absolute flux level is concerned, we are thus able to predict the ratio between the synthetic photometry in different passbands with higher relative accuracy than the synthetic photometry itself. As demonstrated in Sec. 6, we indeed obtain relative residuals on a level even sightly less than 2% for the most accurate photometry, with a strong positive correlation between passbands, and significantly lower relative error on the ratios of fluxes in different passbands.
Theoretical treatment of errors in the shape of SPDs
We now consider possible errors in the shape of SPDs. Uncertainties in wavelength calibration, response function, or, for ground-based observations, in the atmospheric extinction correction may introduce systematic differences between the SPD as derived from spectroscopic observations, and the true SPD. When computing integral expressions over the SPD, such as synthetic photometry, such systematic differences can amplify, depending on the scales of the deviation and the weighting function, i.e. the passband, used in the integration. A convenient way for quantifying such uncertainties in shape of the SPD, and for propagating the uncertainties into inner products with the SPD, is again the use of functional principal component analysis. The approach is similar to the approach we were using for the construction of the basis functions in Sec. 4, but follows a different intention here. Assuming we have a number of measured SPDs of the same source available (and the source is stable in time), we can interpret the different observed SPDs as random realisations of the true SPD. For this random process we can again use the Kahunen-Loève representation given by Eq. (20). Different from Sec. 4, where we were interested only in the eigenfunctions ϕ j (λ) as a convenient way for representing a set of functions, we now make use of the fact that for a random process, A&A proofs: manuscript no. PassbandPaperWeilerEtAl the scores ξ j in Eq. (20) are uncorrelated random variables with a variance given by the eigenvalues ν k corresponding to the k-th eigenfunction ϕ k (λ). We thus derive the mean function µ(λ) from all observations of the SPD of the same source as the best estimate for the true SPD, and quantify the uncertainty on the mean function by a finite series of eigenfunctions ϕ j (λ), j = 1, . . . , J, where the contribution of each eigenfunction is a random variable with variance ν j . From this, we can compute the error on any inner product with the SPD. To do so, it is necessary to assume some probability density distribution for the random variables determining the contribution from each eigenfunction, as the Karhunen-Loève theorem constraints only the variances of these random variables, and guarantees they are uncorrelated. It makes however no further statement about their probability distribution. In lack of any better information, we make the usual assumption of normal distributions here.
For an inner product y of some function p(λ) with the SPD s(λ), we thus obtain
with ξ j being independently normally distributed random variables with variances ν j . The variance of y is thus given by
We now consider the case that we derive a number of n different inner products with the same SPD,
We write the y i as an n × 1 matrix y. The inner products with the eigenfunctions, p i | ϕ j we write as an n × J matrix P. We then obtain for the variance-covariance matrix of y, named Σ y , the expression
where Σ ν := diag(ν j ), the diagonal matrix containing the J eigenvalues. Thus, making use of the Karhunen-Loève formalism, we can derive the variances of the inner product, as well as the correlations with other inner products. If the function p(λ) represents a passband, this corresponds to estimating the variance of the integrated photometry, as well as the correlation between the errors of the integrated photometry in different passbands.
Estimates for the error on the shape of SPDs
To illustrate the results in practice, we require a number of independent observations of SEDs of the same sources. To find these, we select from the set of NGSL calibration sources the ones which are also included in other spectral libraries. The libraries considered here are the MILES library (Falcón-Barroso et al. 2011 ), the Stelib library (Le Borgne et al. 2003) , the Xshooter library (Chen et al. 2014) , and the Indo-US library (Valdes et al. 2004 ). We selected 13 stars which are included in four out of these five spectral libraries, and use the four independent determinations of the SPDs of each of these stars as the basis for determining the uncertainty in the shape of the SPDs. Four measurements of the SPD per source is a rather small data base for reliably estimating the uncertainty in the shape. However, for illustration of the principle and an estimate of the order of magnitude of the effects of uncertainties in shape, it will do. As the five spectral libraries used provide spectra with different spectral resolution, we first adapt the wavelength resolution to the library with the lowest one, which is NGSL. To do so, SPDs from each library are convolved with a Gaussian and the shape of lines in a SPD is compared with the shape of the same line in the NGSL library. The width of the Gaussian is adapted until a visually good agreement in line width is achieved. This process is done for many lines at different wavelengths, and the resulting Gaussian widths as a function of wavelength have been fitted with polynomials (separately for each wavelength range in the NGSL spectra covered by a particular grating). Finally, all SPDs are convolved with a Gaussian with variable widths, according to the fitting done for each library. The result is a fairly good agreement of the spectral resolution of all spectra from all libraries over the entire wavelength range common to all five libraries.
For the MILES spectral library, no absolute flux calibration is available. Furthermore, the precision of the absolute flux calibration for the different spectral libraries is different. We therefore normalise all spectra to unit flux over the common wavelength range before applying the KL decomposition. Using this normalisation with respect to the l 1 norm it is made sure that the spectra only differ in the shape of the SPDs. Both the mean function and the eigenfunctions contain considerable small scale fluctuations by noise. This is the result of the low level of smoothing that has been applied before the KL decomposition. Stronger smoothing (i.e. larger bandwidths for the data and covariance estimate local linear smoothers in the formalism by Yao et al. (2005) ) would have resulted in smoother curves. However, the spectra contain absorption lines with rather narrow peaks, the representation of which would have become worse with larger smoothing. Here, one is in conflict between suppression of noise and precision of result, as the data contains true features on the same wavelength scale as the noise. A rather conservative compromise was chosen in this work, which means that the fine structures in the resulting mean function and eigenfunctions should not be interpreted. For ϕ 1 (λ), providing the larger contribution to the uncertainty in the shape of the SPD, we thus find a rather simple general trend at wavelengths larger than about 410 nm. This trend is superimposed by local zigzag patterns which coincide with the position of absorption lines in the spectra. These patterns correct for mismatches in the position of the spectral lines between the four input SPDs, i.e. the uncertainty in wavelength calibration. At wavelengths shorter than about 410 nm, the Balmer lines become so close that the eigenfunctions take a very complex appearance resulting from the superposition of the zigzag features. The general trend is also broken, indicating more complex differences between the input spectra at short wavelengths. This reflects the difficulties of obtaining the good spectrophotometric calibration at the very blue end of the visual spectral range for ground-based observations. Finally, we recall that the eigenfunctions are normalised, and magnitude of uncertainty in the shape of the SPD and the contributions of each of the two eigenfunctions cannot be inferred from Fig. 2 , but are determined by the corresponding eigenvalues. These eigenvalues are ν 1 = 4.12 × 10 −6 and ν 2 = 3.23 × 10 −6 in the example shown in Fig. 2 .
The wavelength range common to all five spectral libraries used in this work contains the passbands B T and V T completely. These passbands, according to ESA (1997) , are shown schematically in Fig. 2 for illustration. Thus, we can use Eq. (25) to estimate the relative errors (i.e. the square root of the variance, divided by the photon flux) and the correlation coefficient for the B T and V T passbands for the 13 test stars in the data set. The results, assuming the passbands by ESA (1997) , are presented in Table 1 . These numbers have to be interpreted with care, as the data set of four measurements of each SPD is rather small, and some spectra show significant deviations from the remaining three spectra for the same source, i.e. some kind of outlier behaviour. The mean and median error of the B T and V T passbands derived from the small set of test sources is presented in Table  1 , too. Both are on a percent level. The estimated uncertainty for the B T passband is rather high, though, and not in agreement with the lower level of residuals found in the B T passband determination described in Sec. 6.2. A reason for this might be the different qualities of the spectrophotometric measurements that enter into the error estimation. The NGSL spectra, exclusively used for the passband determination, are taken from space without the disturbing effects of the atmosphere, and therefore may have a higher precision than those estimated from a set of SPD measurements containing ground-based observations.
The variations observed between the SPDs of the same star are mostly a simple trend with wavelength (cf. the first eigenfunction, ϕ 1 (λ), shown in the example in Fig. 2) , and therefore affects the V T passbands, located around the centre of the wavelength interval considered, less than the B T passband. The uncertainties found for this passband, and listed in Table 1 , are consequently lower, and in better agreement with the residuals found in the determination of the V T passband. Taking the lower errors of the V T passband, we still obtain errors introduced by the uncertainty in the shape of the SPD which are not negligible compared to the uncertainties in the observed photometry. These errors also show a strong correlation between different passbands for the same SPD. We therefore have to assume that not only the uncertainty in the absolute flux level of the SPDs, but also the uncertainty in the shape of the SPDs, is relevant in passband determinations from high-precission photometric measurements.
Mathematical treatment of errors
With results from the discussion of the errors on the absolute flux level and errors on the shape of the SPD, we are in the position that the solution for the passband, by solving Eq. (11), is strongly affected by noise on the matrix elements, resulting from uncertainties in the shape of the SPDs used in the calibration process, and not only on noise on the vector elements on the righthand side, as typically assumed in the solution of linear equations. Suitable formalisms and algorithms for handling such situations are available, e.g. the element-wise weighted least squared (EWLS) approach by Markovsky et al. (2006) . The stringent use of such approaches however requires a reliable quantitative knowledge of the KL decomposition of the SPDs for all calibration stars used. This knowledge is not available, as there are rarely many independent measurements of the SED of the same source published, which could serve as a basis for reliably estimating the uncertainty in the shape of the SPD. We are therefore not able to provide a stringent treatment of the uncertainties in the computations of the passbands. As a simple test, we selected the HIPPARCOS data set, having the lowest errors on the observed photometry, and computed the passband solution from Eq. (11) using the EWLS formalism, and compared the result with the solution obtained with the ordinary least squares approach. For the error on the matrix elements, we were assuming a relative error of 3%, maximally correlated within each row of the matrix A in Eq. (11), and uncorrelated between columns of A, and p. The result agreed well within the formal errors of the ordinary least squares result, the dominant effect of the errors on A being a shift in the residuals of about 1 milli-magnitude. We may thus use the standard least squares solution to Eq. (11) as a good approximation. We should however keep in mind that the level of residuals in reproducing the observed photometric data will not be determined only by the uncertainty on the photometric data, but also by the uncertainty in the shape of the SPDs used in the calibration process. When different passbands are determined from the SPDs of the same calibration stars, we should furthermore expect correlations between the residuals for the individual passbands.
Passbands for HIPPARCOS, Tycho, and Gaia DR1
Equipped with the formalism lined out so far, we now determine the passbands for H p , B T , V T , and G. In all cases, we determine the parallel component of the passband from solving Eq. (11), and then using the described techniques to estimate the orthogonal component of the passband such that the solution approximates an initial passband guess.
The passbands derived in this work and discussed in this section are available as an online table, containing the parallel and orthogonal components, respectively, as a function of wavelength.
HIPPARCOS passband
The HIPPARCOS passband has been derived from 206 NGSL spectra. After deriving p from the solution of Eq. (11), the ran-A&A proofs: manuscript no. PassbandPaperWeilerEtAl dom sampling approach has been used to find a passband solution close to the passband as provided by ESA (1997) as the initial guess, p ini . A polynomial of degree 3 for the modification of p ini was employed. The result is shown in Fig. 3 . The upper panel in this figure shows the parallel and estimated orthogonal component, together with the sum of both components. The passband by ESA (1997) is shown as the dashed line for comparison. A significant difference with respect to the ESA (1997) passband has been found, as reported before (Bessell & Murphy 2012) . The lower two panels in Fig. 3 show the relative flux residuals (defined as observed minus calculated over observed flux) as a function of the HIPPARCOS magnitude and Johnson B − V colour for the 206 calibration sources, respectively. No systematic trends with magnitude or colour can be observed. The standard deviation, indicated by the highlighted regions in Fig. 3 , is 1.85%.
To illustrate the uncertainty introduced by the unconstrained orthogonal component, Fig. 4 shows three solutions for the HIP-PARCOS passband in comparison. All three components have the same parallel component, and only differ in p ⊥ . Thus, they result in essentially the same relative residuals for the 206 calibration sources, as shown in the lower three panels of Fig. 4 . Solution A in this figure is the passband selected as the "preferred" solution and shown in Fig. 3 . Passband B is rather similar to solution A, derived from slightly shifting p ini in the wavelength axis. Solution C has been chosen strongly different from solution A by making use of the null space approach, with one degree of freedom. Although all three solutions are indistinguishable from the set of calibration spectra used, a solution so grotesque as solution C may safely be rejected based on the a-priori knowledge on the passband. The solutions A and B however are already similar enough to make a decision about which one is closer to the true passband difficult. The implications of the fundamental ignorance about the correct orthogonal component is discussed in more detail in Sec. 8.
Tycho B T passband
The B T passband has been determined from 210 NGSL spectra. As for HIPPARCOS, the solution of Eq. (11) for the parallel component was modified, using the random sampling approach and a polynomial of degree 3. As the target passband p ini , the passband by ESA (1997) for B T was used. In this case, a solution very close to the one by ESA (1997) was found. The passband with its parallel and orthogonal components and the relative residuals versus B T magnitude and B − V colour are shown in Fig. 5 . Again, no trend in residuals with magnitude and colour is visible. As compared to the case of the H p passband, an increase in the residuals with increasing magnitude can be observed. This effect can be understood by the larger random error on the observed fluxes of the calibration stars, as compared to the HIPPARCOS case. For faint stars, this random error becomes dominant over the uncertainty in the NGSL spectra, causing the increase in residuals. The standard deviation of the relative flux residuals is 2.70%.
Tycho V T passband
The V T passband has been derived analogously to B T from 210 NGSL spectra, with the only difference of using a polynomial of degree 2 for the modification of the passband by ESA (1997). Again, a solution very close to the passband by ESA (1997) was found, only being slightly lower at longer wavelengths. The 
Gaia DR1 G passband
A set of 124 NGSL spectra was used here for deriving the passband of Gaia DR1 G. The procedure applied for G differs somewhat from the cases of the other passbands. As the passband to be approximated, p ini , the nominal G passband (Jordi et al. 2010 ) was used. No solution close to the nominal passband could be found in the random sampling approach, indicating a significant difference between the nominal and the actual G passband. Such a difference is consistent with a wavelength dependency of contamination effects reported to affect the Gaia photometry (Gaia Collaboration, . The transmission loss due to contamination is colour dependent, indicating a larger loss at shorter wavelengths (see Gaia DR1 online documentation 2 ). We therefore decided to use as the preferred solution for the G passband a solution that differs from the nominal passband mainly at short wavelengths. Thus, we were using the solution for the parallel component of the passband obtained from Eq. (11), and used the null space approach to find a solution for the passband with most deviations from the nominal passband at short wavelengths. A polynomial of degree 3, with one degree of freedom, was used in this process. The passband solution, with the parallel and orthogonal components, and the relative residuals, are shown in Fig. 7 . Regarding the magnitude dependency of the residuals, we observed a very strong systematic deviation in the residuals, for sources brighter than about 5.9 magnitudes in G, as previously reported by Maíz Apellániz (2017). The residuals for these sources are shown as open symbols in the central panel of Fig. 7 , and these sources have been excluded from the passband determination. The onset of the strong trend at about 5.9 mag is probably caused by saturation effects in the Gaia photometry.
Even after excluding the flawed bright sources from the passband determination, a tentative slight magnitude dependency of the residuals may be present. The trend is indicated by the dashed line in the central panel of Fig. 7 , representing a linear fit to the relative residuals. This trend, amounting to roughly 0.7% per magnitude drift, however remains close to the limit of accuracy reached within this work. An increase in the scatter of the residuals with increasing magnitude is absent for G, indicating a lower random error on the observed fluxes than for B T and V T . The standard deviation of the relative residuals is 2.29%. 
Relations between passbands
As discussed in Sec. 5, we expect the residuals in synthetic photometry being dominated by the uncertainty in the SPDs used for the calibration of the passbands. As there is a large overlap between the sets of calibration sources for the four different passbands, we see a strong correlation between their residuals. This is illustrated for two examples in Fig. 8 , showing the residuals for V T versus the residuals for B T , and the residuals for G versus H p , for the sources common in the calibration of the passbands. For the case of V T versus B T , we see a larger scatter and a lower correlation as compared to G versus H p , as in the first case, the random error on the observed photometry still is significant compared to the error on the calibration SPDs, in particular for the faint sources. For the G versus H p case, the scatter is smaller and the correlation is larger. For the photometry of HIPPARCOS and Gaia, the errors in the calibration SPDs dominate the residuals.
The domination of the error on the calibration SPDs makes it, strictly speaking, necessary not only to minimise the norm of the residual vector on the photometry, i.e. c in Eq. (11), but also the norm of the residuals of the matrix A. As a stringent treatment of this problem requires a reliable error model on A which is, as discussed in Sec. 5, not available, we nevertheless determine the passband by minimising the norm of the residuals on c. We may confirm that the solution found this way is meaningful by not only considering the residuals for each passband separately, but also ensuring that the residuals of the ratios of the fluxes between pairs of passbands are free of trend with colour. These residuals are shown in Fig. 9 for the passbands derived in this work. In general, the residuals in the ratios show no depen-A&A proofs: manuscript no. PassbandPaperWeilerEtAl dency on the ratio of fluxes, indicating that the passbands found do not only provide a good reproduction of the observed fluxes, but also of the observed colours. Only in the case of B T /H p , a slight systematic increase of the residuals in the range of ratios between 0.7 and 1.2 might be detected. In particular for the case of of H p /G, where the errors on the observed photometry play the least role, the influence of the correlation of the errors can be seen by the reduction of the relative error on the ratio of fluxes, as compared to the relative errors on the fluxes individually (cf. Figs. 3 and 7) .
Comparison with other results
In this section, we compare the passband solutions obtained in this work with previously published passbands for H p , B T , V T , and G. For the HIPPARCOS and Tycho passbands, we compare our solutions with the solutions provided by ESA (1997), Bessell (2000) , and Bessell & Murphy (2012) . For the Gaia G passband, we compare with the nominal pre-launch Gaia passband (Jordi et al. 2010 ) and the passband by Maíz Apellániz (2017).
Different authors have used different sets of calibration SPDs. Bessell (2000) has used Vilnius spectra (Straizys & Sviderskiene 1972) for the passband determination, while Bessell & Murphy (2012) have used NGSL and MILES spectra. Maíz Apellániz (2017) has used a compilation of NGSL and CALSPEC (Bohlin et al. 2017) spectra. Also, different selection criteria were applied when choosing spectra for calibration, as far as magnitudes and variability are concerned. As the shape of the passband p is, as previously shown, subject to considerable uncertainties due to the unconstrained orthogonal component, we are not only comparing the passbands themselves, but also the projection of the passbands onto the subspace spanned by the calibration sources used in this work, i.e. we are comparing the parallel components p with respect to our calibration set. In the later case, we are able to identify "substantial" differences in the passband, instead of differences that only affect the unconstrained component. While the differences in the passband p could be caused by simply obtaining different estimates for the orthogonal component p ⊥ in the process of determining the passbands, there are two effects that could cause differences in p . First, the set of calibration sources used by other authors may not span the same subspace as the calibration sources used in this work. The other passbands are then optimised for a different subspace, and, if this subspace does not fully contain the subspace used in this work, one may find a suboptimal solution compared to the solution of this work, constrained to the subspace used in this work. Second, the method of modifying the initial passband used in previous publications may not allow to find the correct parallel component of the passband. In this case, one may obtain an improved, but not optimal solution for the passband. Both effects may play a role in the comparison of the results of this work with other passband solutions.
The parallel passband components compared in this section always refer to the normalised passbands, and the normalisation factor of a passband depends on the sum of the parallel and the orthogonal component. It therefore has to be kept in mind that different scaling factors may apply to the parallel components from different solutions for the same passband.
HIPPARCOS passband
The H p passband of this work is compared with other passbands in Fig. 10 , upper panel, while the corresponding parallel components are compared in the lower panel. Clear differences between the four different passbands can be seen. The passband by ESA (1997) differs most, having a much higher response at short wavelengths. The other three passbands are more similar, the solution of this work being somewhat broader than the solutions by Bessell (2000) and Bessell & Murphy (2012) . If the passband is restricted to the parallel component, the differences become smaller. For ESA (1997) , there still is a substantial difference with respect to the other parallel components, again showing a higher response at short wavelengths. The parallel components of the passbands by Bessell (2000) and Bessell & Murphy (2012) differ only little, although the passbands are clearly different. This indicates that the change between Bessell (2000) and Bessell & Murphy (2012) mainly affect the unconstrained orthogonal component, at least as the calibration sources used in this work are concerned. Both parallel components are also similar to the parallel component derived in this work. For wavelengths larger than about 600 nm, the agreement with the result of this work is very good. For wavelengths between about 400 and 600 nm, however, we derive a slightly higher response in this work.
The standard deviations of the relative flux residuals is 4.69% for the ESA (1997) passband, 1.85% for the Bessell (2000) passband, and 1.91% for the Bessell & Murphy (2012) passband, as compared to 1.85% for the passband derived in this work. Thus, the ESA (1997) passband is clearly not optimal, while the differences among the other three passbands are very small. Also the dependency of the residuals from colour is rather similar for the last three passbands. They thus differ strongly in their orthogonal components, resulting in very different shapes, but their differences in the parallel component are sufficiently small to be within the uncertainties introduced by the calibration data of this work.
With respect to the set of calibration sources used in this work, the passbands by Bessell (2000) , Bessell & Murphy (2012) , and this work, result in similar goodnesses-of-fit, and are thus essentially equivalent.
Tycho passbands
Comparisons of different solutions for the B T and V T passbands are shown in Fig. 11 and 12 , respectively. For B T , all the passbands as well as their parallel components, are very similar. At longer wavelengths, between about 450 and 500 nm, the passband of this work has slightly lower responses than the others, while at wavelengths around 400 nm, the solution by Bessell & Murphy (2012) has slightly higher response than the others. When considering the parallel component, these differences become even less prominent. For the V T passband, we also find a lower response at long wavelengths, while the passbands from other publications agree very well among each other. In the parallel component, the differences are rather small, however.
The standard deviation of the relative flux residuals for the four Tycho B T passbands compared are 2.88% for ESA (1997) and Bessell (2000) , 2.74% for Bessell & Murphy (2012) , and 2.70% for this work. For the Tycho V T passband, the values are 2.65% for ESA (1997) and Bessell (2000) , 2.60% for Bessell & Murphy (2012) , as compared to 2.56% for the passband of this work. Thus, we may therefore take all Tycho passbands as essentially equivalent, as far as the subspace of L 2 spanned by the calibration sources of this work is concerned.
Gaia DR1 passband
For the Gaia DR1 passband, shown in Fig. 13 , we see rather strong differences in shape between the nominal passband, the solution by Maíz Apellániz (2017), and this work. Comparing the result of this work with the pre-launch passband by Jordi et al. (2010) , we find good agreement at wavelengths larger than about 700 nm, while at shorter wavelengths we find a lower response. This may indicate that the response loss observed in the Gaia observations due to contamination is indeed stronger at short wavelengths, an assumption that has already been used when estimating the orthogonal component of the G passband, as mentioned in Sec. 6.4.
The parallel component of the passband by Maíz Apellániz (2017) is very close to the parallel component of this work at short wavelengths, but having a higher transmissivity than the result of this work and the nominal passband at longer wavelengths. As Maíz Apellániz (2017) uses NGSL spectra for the passband calibration, as done in this work, one may expect both solutions for the G passband being determined on a similar subspace of L 2 . However, Maíz Apellániz (2017) modifies the nominal passband by multiplying the nominal passband with a single parameter power law. It may be possible that this modification approach is not able to produce the optimal parallel component. The obtained solution of the passband then may provide an improvement to the nominal passband, but the correction of the nominal passband is overdone at large wavelengths, resulting in a too high response.
The standard deviations of the relative flux residuals for the pre-launch G passband by Jordi et al. (2010) is 4.22%, as compared to 2.32% for the passband by Maíz Apellániz (2017) and 2.29% for this work. The pre-launch passband estimate is thus poor for Gaia DR1. The solution by Maíz Apellániz (2017) and this work are again very similar in the level of accuracy with which the photometry of the calibration sources can be reproduced. Also the dependency of the relative flux residuals on colour is similar in both cases. As far as the calibration sources used in this work are concerned, the passbands by Maíz Apellániz (2017) and this work are thus essentially equivalent; they differ strongly in p ⊥ (λ), but the differences in p (λ) are within the uncertainties.
Effects of guessing p ⊥ (λ)
As worked out in Sec. 2 and illustrated for the HIPPARCOS passband in Sec. 6.1, a set of calibration spectra together with corresponding photometric observations does not fully constrain a passband. Even taking physical constraints to the passband, that is, smoothness and non-negativity, into account, a considerable uncertainty in the shape of the passband remains. In practice, the uncertainty in shape has relatively little impact on the synthetic photometry. Stellar SPDs vary in rather tight bounds, and with a few basis functions, a large fraction of spectra can be well represented. This may be compared to the fact that photometric measurements in a few passbands already allows for a meaningful stellar classification. Thus, if the set of calibration spectra covers several spectral classes, the resulting parallel component of the passband is sufficient for a reliable synthetic photometry for a wide range of astronomical objects. The uncertainty in the orthogonal component, although allowing for visually impressive variations in the full passband, as illustrated in Fig. 4 , is of little to no relevance for the synthetic photometry of these SPDs. The choice of the orthogonal component has significant impact only for SPDs which strongly differ from the SPDs of the set of calibration sources. Strongly different means here, that a SPD cannot be well represented by a linear combination of the calibration SPDs, or, stated in the functional analytic formalism of this work, that the SPD has a significant component outside the subspace spanned by the calibration SPDs. An example for such SPDs may be cool M-type stars, as their SPDs differ by their Planck function and strong absorption features very much from the SPDs of hotter stars. At the same time, the frequent variability of M-type stars makes it difficult to include their SPDs in a calibration set for passband determination. Also strongly non-stellar SPDs with large variability in shape, as is e.g. the case for quasi-stellar objects, can be expected to be among the SPDs for which the choice of the orthogonal component of the passband is relevant.
As the only way to remove the uncertainty in the orthogonal component is the (in practice unfeasible) extension of the set of calibration SPDs such that all astronomical SPDs can be well approximated by a linear combination of the calibration SPDs, it is desirable to have a measure at hand which allows to quantify the degree to which any given SPDs is sensitive to the uncertainty. For a stringent determination of the component of a SPDs orthogonal to the set of calibration sources, the basis functions used in the passband determination are required. For practical purposes, a simpler and more convenient measure for the sensitivity of a SPD for the choice of p ⊥ , may be sufficient.
As a simplified measure, we may chose the ratio between the flux of some SPD s(λ) in the orthogonal passband component and in the parallel passband component, i.e. p ⊥ | s / p | s . This ratio is in the range [0, ∞), with zero in the case that the flux in the orthogonal component is zero, and all synthetic photometry arises from the parallel component, and infinity in the reverse case. We may obtain a somewhat more convenient range and a more intuitive interpretation if we slightly modify the measure by dividing the fluxes by the l 2 -norm of p ⊥ and p , respectively, and taking the inverse tangents of the resulting quantity. If we name the result γ, we have
The l 2 -norm of some function p is simply || p || 2 = p | p . As the terms p ⊥ | s ||p ⊥ || (26) is introduced as we are not interested in the orientation of the projection. Thus, we obtain a simple graphical interpretation of the quantity γ. If, for some SPD, γ = 0, it is aligned with the parallel component of the passband, and the guess for the orthogonal component is irrelevant for that SPD. If the angle γ increases, the SPD turns away from the parallel component, and the orthogonal component is contributing more and more to the synthetic photometry. For γ = 90 o , the SPD is aligned with the orthogonal component, and the synthetic photometry depends entirely on the guessed function p ⊥ , and not at all on the constrained function p . It has to be kept in mind that the angle γ is measured inside the plane spanned by p ⊥ and p , and thus depend on the estimate of p ⊥ itself. If however the orthogonal component is not strongly wrong, a case which the a-priori knowledge and the physical constraints on the passband shall prevent, in practice the quantity γ may be sufficient to estimate the degree to which a given SPD is sensitive to the unconstrained part of a passband. What is required for the computation of γ is the parallel and orthogonal components of the passband, and their l 2 norms, which are listed in Table 2 for the four passbands provided in this work. With these two components at hand, one can compute the synthetic photometry for a SPD by solving two integrals instead of one (i.e., using Eq. (14)), and by doing so getting the measure γ.
To illustrate the effects of the choice of p ⊥ and the usage of γ, we produce an example based on a set of synthetic stellar spectra, namely the set of 3727 spectra by Coelho (2014) . These synthetic stellar spectra with a high spectral resolution cover a range of effective temperatures from 3000 K to 26000 K, with log(g) in the range of −0.5 to 5.5, and with different chemical mixtures. We compute the H p magnitudes from these spectra, using two solutions for the HIPPARCOS passband which differ only in the choice of p ⊥ . The two H p passbands are our preferred passband solution shown in Fig. 3 and as passband A in Fig. 4 , and the similar passband B as shown in Fig. 4 . The difference between the magnitudes resulting from both HIPPARCOS passbands for each spectrum, H B p − H A p , illustrates the influence of the choice of the passband component orthogonal to the set of calibration spectra. In Fig. 14 , the angle γ is plotted against the difference H B p −H A p for all synthetic spectra in the set by Coelho (2014) . γ is computed for both the H p solutions A and B, to illustrate the dependency on the choice of p ⊥ . The difference in calculated magnitudes correlates strongly with the value for γ. For the majority of the synthetic spectra, the difference H B p − H A p is essentially negligible. The values of the angle γ are close to zero for these sources. For some synthetic spectra, there is however a clear and systematic increase in H B p − H A p , which is associated with an increase of γ. These sources are the spectra with effective temperatures at the lower end of the range covered, as can be seen from the inset in Fig. 14, displaying the relationship between γ and the effective temperature. Thus, SPDs from Coelho (2014) corresponding to effective temperatures larger than about 4000K up to the limit of 26000K are well represented by the set of NGSL spectra used to calibrate the HIPPARCOS passband. Their computed magnitudes depend essentially on the parallel component of the H p passband, and are therefore insensitive to the estimate used for the orthogonal component. Their corresponding γ angles are consequently rather small. For SPDs corresponding to effective temperatures less than about 4000K, no good approximation by the set of NGSL spectra is possible. These SPDs have a significant component orthogonal to all calibration SPDs, and their calculated magnitudes depend on the choice of p ⊥ . The angle γ increases for these SPDs, reaching values over 80 o in the extreme cases. For these SPDs, the calculated magnitudes are dominated by the estimated component p ⊥ , and not by the constrained parallel component p . Changing p ⊥ therefore results in a systematic shift in the magnitude predicted from the passband. In the example shown in Fig. 14 , the difference in the two H p passbands amounts to a shift up to about 80 mmag for the coolest sources. It should noted that the value of this difference depends on the choices of the passband solutions compared, and the SPDs considered, and therefore does not allow for any generalisations.
The general behaviour of γ with the shift in magnitude is the same if γ is computed from solution A or solution B. The angle γ may thus be used to quantify the degree to which a given SPD is sensitive to systematic errors introduced by the uncertainty related to p ⊥ . It can however not make any statement about if or how much the calculated magnitude for the SPD is differing from the true value. The actual systematic error depends on the difference between the estimated and the true p ⊥ , while the later is in principle unknown in a situation that requires a passband calibration. Nevertheless, γ may be a useful indicator for the reliability of synthetic photometry. A small value of a few degrees or less indicates that the calculated magnitude relies on the well-known component of the passband, while a large value of γ indicates a strong dependency on the guess for p ⊥ . Results based on synthetic photometry associated with large values of γ may therefore include the possibility of systematic effects due to passband uncertainties in their discussion.
Zero points
We compute the zero points (zp) for the passbands derived in this work in the VEGAMAG system, i.e. we apply Eq. (1), with zp = 0.03 + 2.5 · log 10 c αLyr .
Here,c αLyr denotes the photometry of Vega in the passband considered, and the value of 0.03 corresponds to the assumption of V= 0.03 for Vega (Jordi et al. 2010) . We computedc αLyr using the CALSPEC spectrum alpha_lyr_stis_008 for the SED of Vega. Note that the zero point for the Gaia G passband applies to the published DR1 electron counts in electrons per second (Carrasco et al. 2016 ), recorded within the Gaia telescope aperture of 0.7278 m 2 (Gaia Collaboration, , and not within the normal area of 1 m 2 . We also compute the zero points in the AB magnitude system, where the zero point is given by zp = 2.5 · log 10 (c J ) ,
withc J the number of photons detected in the passband for a SED with 3631 Jy at all frequencies (Oke & Gunn 1983) . The computed zero points for the four passbands considered in this work are listed in Table 2 , together with the mean wavelengths λ m of the passbands,
and the pivot wavelengths λ p (Koornneef et al. 1986) ,
The zero points the Table 2 are valid for passbands normalised to a maximum value of one. For G, this zero point is 0.351 magnitudes larger than the one for the unnormalised passband. As for the G passband, a tentative dependency of the residuals on G magnitude has been observed in this work, we shall note that the zero point for G is valid for a magnitude of G = 8. For the reference SPDs in both photometric systems, the VEGAMAG and the AB, we can compute the angle γ to estimate the influence of the choice of the orthogonal component of the passband onto the zero points. For the case of Vega, we obtain values of 1 degree or less for all four passbands, indicating that the SPD of Vega is well represented by the calibration sources used in this work, and consequently that the zero points are hardly affected by the choice of p ⊥ (λ). For the AB system, γ is below 1.1 degrees for H p , B T , and V T , indicating little influence of the choice of p ⊥ (λ). Only for the G passband, γ reaches 7 o , thus indicating a sensitivity of the zero point on the choice of p ⊥ (λ). Although a reliable computation of the zero points is possible as far as the choice of the calibration sources is concerned, we nevertheless introduce a dependency on the orthogonal component by the normalisation of the passbands. We follow the convention of presenting passbands normalised to the maximum value in this work, and the normalisation factor depends on the full passband p, not on the parallel component p only. Thus, different choices for p ⊥ may result in different numerical values for the zero points.
Influence of wavelength resolution
Up to now, we have considered the SPD s(λ), without taking into account that any SPD is known to us only with a certain wavelength resolution. Thus, if s ′ (λ) is the "true" SPD, i.e. the SPD a hypothetical instrument with infinite spectral resolving power would observe, we only have available the SPD with a finite spectral resolution. Both are related via a variable kernel convolution, i.e. The mean wavelength λ m , the pivot wavelength λ p , the zero points in the VEGAMAG and the AB photometric systems, and the l 2 -norms of the parallel and the orthogonal components for the four passbands described in this work. Here, L(λ, λ ′ ) is a line spread function, fulfilling the normalisation
If L does not change with wavelength λ, but its value only depends on the difference in wavelengths λ and λ ′ , one may write L(λ, λ ′ ) ≡ L(λ − λ ′ ), which turns the problem into a normal convolution problem. For the synthetic photometry, computed from the finite-resolution SPD, we thus obtain
Thus, we obtain a good approximation of the synthetic photometry with a finite-resolution SPD, i.e.
if the approximation
is valid. The line spread function L has to be sufficiently narrow compared to the wavelength-dependent structures in the passband p(λ) to be negligible. For a typical passband, this condition is easily met, as passbands tend to be rather smooth functions in wavelength. If the passband is separated into a parallel and an orthogonal component, as done in this work, both components will however not be smooth in wavelength anymore. The condition specified by Eq. (36) in this case has to be fulfilled for both the parallel and the orthogonal component individually. One has therefore to make sure that the SPD for which the synthetic photometry is to be computed has a significantly higher spectral resolution than p (λ) and p ⊥ (λ). For the results presented in this work, the spectral resolving power ranges up to ∼ 1000. If the wavelength resolution of an SPD for which synthetic photometry is to be computed is lower than 1000, no accurate computation of the parallel and orthogonal contribution of the passband is possible, and only the full passband p(λ) should be used.
